We give a general formulation of the quark-diagram scheme for the nonleptonic weak decays of baryons. We apply it to all the decays of the antitriplet and sextet charmed baryons and express their decay amplitudes in terms of the quark-diagram amplitudes. We have also given parametrizations for the effects of final-state interactions. For SU(3) violation effects, we only parametrize those in the horizontal W -loop quark diagrams whose contributions are solely due to SU(3)-violation effects. In the absence of all these effects, there are many relations among various decay modes. Some of the relations are valid even in the presence of final-state interactions when each decay amplitude in the relation contains only a single phase shift. All these relations provide useful frameworks to compare with future experiments and to find out the effects of final-state interactions and SU(3) symmetry violations.
I. Introduction
The study of charmed baryon physics is of current interest [1] . Many nonleptonic weak decay modes of the charmed baryons Λ + c , Ξ 0A c and Ξ +A c have been measured [2] and more data are expected in the near future. Apart from model calculations [3] [4] [5] , it is useful to study the nonleptonic weak decays in a way which is as model independent as possible. The two-body nonleptonic decays of charmed baryons have been analyzed in terms of SU(3)-irreducible-representation (SU(3)-IR) amplitudes [6, 7] . However, the quark-diagram scheme (i.e., analyzing the decays in terms of quark-diagram amplitudes) has the advantage that it is more intuitive and easier for implementing model calculations. It has been successfully applied to the hadronic weak decays of charmed and bottom mesons [8, 9] . It has provided a framework with which we not only can do the least-model-dependent data analysis and give predictions but also make evaluations of theoretical model calculations. In this paper we give a general and unified formulation (always using the orthonormal quark states and independent of SU(6) symmetry) of the quark-diagram scheme for the nonleptonic weak decays of baryons, which can be useful for all baryon (charm and bottom) nonleptonic decays. Here we apply it to all the two-body hadronic decays (quark-mixing allowed, suppressed, and doubly-suppressed) of the antitriplet and sextet charmed baryons and express them in terms of the quark-diagram amplitudes. We find consistent comparisons with the SU(3)-IR results of Ref. [6] . In addition, the symmetry properties of the initial and final baryon wave functions in conjunction with the Pati-Woo theorem [11] for weak decays enable us to obtain more specific results than those from the SU(3)-IR scheme.
We have also given parametrizations for effects of final-state interactions. For SU (3) violations we indicate only those arising in the horizontal W -loop quark diagrams whose contributions are solely due to SU(3) violation effects. (See more detailed discussion about this at the end of Section III.a.) In the absence of these effects, there are many relations among various decay modes. Some of the relations are valid even in the presence of final-state interactions when each decay amplitude in the relation contains only a single phase shift. It will be interesting to compare these relations with future experimental data. They provide a useful framework to find out the effects of final-state interactions and SU(3) violations.
Earlier Kohara had given a quark-diagram formulation for the quark-mixing-allowed decays of the antitriplet charmed baryons [10] , with which our results agree. However, for the decay products containing an octet baryon he used a basis of quark states which is not orthonormal (which is all right though more complicated) and its choice seems to be based upon exact SU(6) symmetry (which is not all right since SU (6) is not an exact symmetry). The fact that our formulation demonstrates that the quark diagram results are independent of whether one uses exact SU (6) or not helps to clarify this point for his formulation and explain why our results can possibly agree. (For detailed comments see Sections II after Eq. (28) and for exact relations between amplitudes see Eq. (63) in Section IV.b.)
In the framework of the quark-diagram scheme, all nonleptonic meson decays can be expressed in terms of six quark-diagram amplitudes [8] : A, the external W -emission diagram; B, the internal W -emission diagram; C, the W -exchange diagram; D, the W -annihilation diagram; E, the horizontal W -loop diagram; and F , the vertical W -loop diagram. These quark diagrams are specific and well-defined physical quantities. They are classified according to the topology of first-order weak interactions, with all QCD strong-interaction effects included. It is important to emphasize that strong interactions do not alter the classification of these diagrams. These quark diagrams have a one-to-one correspondence to those amplitudes classified according to SU(3) irreducible representations.
For the baryon decays, we can easily show by diagram drawing that the D and F types of amplitudes do not contribute. However, there are more possibilities in drawing the C and E types of amplitudes. More importantly, baryons being made out of three quarks, in contrast to two quarks for the mesons, bring along many essential complications. Though many textbooks [12] have discussed the baryon wave functions, we need to carefully develop the proper formulation suitable for the construction of the quark diagram scheme for the baryon decays. This is what we discuss in Section II, where the relations between the quark states and the baryon states are derived. We then apply this general results to the specific decays of the charmed baryons. In Sections III and IV we give the quark-diagram formulation for the two-body decays of antitriplet charmed baryons into a pseudoscalar meson and a baryon (decuplet and octet); first for the case without effects of final-state interactions and SU(3) violations, and then for the case with these effects. We discuss their experimental implications and comment on previous related theoretical work. Section V is devoted to studying the nonleptonic weak decays of sextet charmed baryons. In Section VI we give a few concluding remarks.
II. Quark States and Particle States
To develop a quark diagram scheme we need to fully understand the relation between the quark states and the particle states. Baryons are made out of three 1 2 -spin quarks. The baryon states form irreducible representations of SU(3)-flavor and SU(2)-spin from the tensor-product states of flavor and spin of three quarks which are written as the following orthonormalized states:
There are 3 × 3 × 3 = 27 flavor states |q 1 q 2 q 3 and 2 × 2 × 2 = 8 spin states |S 1z S 2z S 3z .
Let us first discuss the flavor irreducible representation states of the three quarks. The 27 tri-quark states can be decomposed into [8] 
The transformation between the two bases, Eq. (1) and (2), can be written in a 27 × 27 matrix which is block-diagonalized into the following sub-matrix transformations:
where k can be the proton, neutron, Σ + , Σ − , Ξ 0 , Ξ − types and all of which have two identical quarks. There are 6 of such 3 × 3 matrix equations totalling the transformations of the 18 states out of the 27. Note that the subscripts A and S signify the antisymmetry and symmetry, respectively, between the first two quarks; the subscript S t denotes the total symmetry among the three quarks. Then there are the following transformations of the 6 states with all three quarks being different:
Finally, there are the three states with all three identical quarks:
They give three diagonal transformations. These 27 equations, Eqs. (3) to (7), are actually equivalent to the following 27 equations:
where the superscript k stands for the particles in the multiplets, respectively. These equations are obtained simply by multiplying the left-hand side (l.h.s.) of these equations by the identity operatorÎ
which is the completeness of the orthonormal |q 1 q 2 q 3 -basis in the tri-quark vector space. q 1 q 2 q 3 |ψ k (· · ·) numbers in Eqs. (8) to (11) are precisely those matrix elements in Eqs. (3) to (7) .
Since the transformations, Eqs. (3) to (7), are between two sets of orthonormal bases, the transformation matrix formed by these elements q 1 q 2 q 3 |ψ k (· · ·) is orthogonal. We can easily take the inverse of the transformation (i.e. taking the transpose of the matrix) and express the quark states in terms of the irreducible representation states, i.e., the particle states. If the basis vectors are not orthonormal, not only such inverse will be harder to find but also the completeness equation will be more complicated than that given by Eq. (12) . Therefore, whenever possible, it is better to use the orthonormal basis.
Alternatively, we can also use the basis composed of the quark states that are symmetric and antisymmetric in the first two quarks, i.e.,
or inversely,
In this basis, Eqs. (3) and (4) become
and
Likewise, in this basis the identity matrix becomeŝ
Then Eqs. (8)- (11) can be recast into the following form: (16) and (17).
Here we would like to emphasize that it is conceptually and practically simpler to consistently use the orthonormal quark states as the basis so that the identity operator has the simple expressions of Eq. (12) or Eq. (18). They provide the proper transformation from the particle states to the quark states and vice versa as given by Eqs. (3) and (4), equivalently by Eq. (8) to (11); or Eqs. (16) and (17), equivalently Eqs. (19) to (22). These are the crucial relations we shall use in converting decay amplitudes in terms of particles to decay amplitudes in terms of quarks, i.e., the quark diagram amplitudes.
Next we can form irreducible representations for the spin part of the particle from the tri-
giving 2 diagonal ones; totalling 8 equations. The inverse of these equations is also easy to write out.
The baryon states must be totally antisymmetric in interchanging the composing quarks. Since the color part (which we do not discuss here, see e.g., Ref. [12] ) is antisymmetric, the product of the flavor and the spin parts must be symmetric as the spatial wave function is symmetric for low-lying baryons. The decuplet baryons are made out of
, and k = 1 to 10 .
The octet baryon is a combination of two parts
where
The precise values of a and b are not known. Importantly, our formalism does not need such information. We clearly show that the quark-diagram scheme is independent of the values of a and b.
If one assumes the SU (6) symmetry, then
and the octet baryon wave function can be rewritten as
where the subscripts ij to A and S indicate the pair that is antisymmetric or symmetric. However, SU (6) is not an exact symmetry. It is important to show that the quark-diagram scheme does not depend on it. Our formulation indeed confirms this requirement.
Earlier Kohara had given a quark-diagram formulation for the quark-mixing-allowed decays of the antitriplet charmed baryons [10] . For B c (3) → B(8) + M(8) decays (of which he considered only the quark-mixing-allowed decays), it seems that Kohara [10] was motivated by Eq. (28), which is true only if SU(6) symmetry is exact, and chose the octet baryon state to be an equal combination of two different pairs of quarks both antisymmetric in flavor and spin, i.e. two of the terms in Eq. (28), which one can easily check that the two terms are not orthonormal and they are not the conventional way of making the octet baryon wave function. Choosing non-orthonormal basis for the quark states, if done correctly, is all right though complicated. [Kohara's paper did not provide enough detailed information in his paper for us to check directly his calculations without redoing all his formulation in the nonorthonormal basis he used. However, we can compare our results with his for the part he had calculated. Indeed our results agree (see detailed comparisons given later by Eq. (63).] However, we would still like to emphasize that the use of orthonormal basis is much more convenient and, very importantly, that we have made sure that the quark-diagram scheme does not depend upon SU (6) symmetry at all. For the B c (3) → B(10) + M(8) decays (of which Kohara also only considered the mixing-matrix-allowed decays), Kohara used the same basis as we use and our results agree. 
and B m,k
. Nature does not realize these states, but they are there in the formalism and hence must be considered when completeness of these states is used.
Likewise, we can formulate the meson case, which is much simpler than the baryon case. We discuss it here for completeness and for comparison. Mesons are made out of 1 2 -spin quark-antiquark q ′q pair belonging to the flavor [3] × [3] representation. They form flavor irreducible representations of the 3 ×3 = 9 = 8 + 1, i.e., the 9 quark-antiquark states can be decomposed into flavor [8] and [1] irreducible states denoted by |φ j (8) and
|φ (1) respectively, where the superscript "j" denotes the eight particles in the [8] irreducible representations.
The transformation between the two bases, the quark basis and the irreducible-representation particle basis (both are orthonormal), can be written in a 9 × 9 orthogonal matrix 
The nine equations given by the matrix equation can also be written out as
where the summation is forq =ū,d,s and q ′ = u, d, s. These equations are obtained simply by multiplying the left-hand side of (31) and (32) bŷ
which is the completeness relation of the orthonormal |q ′q -basis in the quark-antiquark vector space.
The irreducible-representation states in spin are related to the spin-product space by
and its inverse is trivially obtained (by using the transpose of the matrix)
For pseudoscalar mesons, the wave functions are simply given by
where the superscript j indicates the eight different particles given in Eq. (30).
III. Quark Diagram Scheme for
The light quarks of the charmed baryons belong to either a [3] or a [6] We shall first discuss the simpler case of the decuplet baryon being in the decay products.
III.a. Formalism
Consider a particular charmed baryon B m,i 0 c decaying into an octet meson M j 0 (8) and a decuplet baryon B m,k 0 (10), where the subscript "0" signifies that we are discussing a specific baryon and a specific meson. The amplitude with the spin-projection m, m ′ summed over is
are the quark-diagram amplitudes. Therefore, Eq. (37) gives the particle amplitudes
c decaying into particles M j 0 (8) and B k 0 (10) in terms of the quark amplitudes 8) and q 1 q 2 q 3 |ψ k 0 (10) St , each set of which forming elements of an orthogonal matrix, are those given in Eq. (30) and Eqs. (3) to (7), respectively.
Using the orthonormality of the coefficients, we can easily convert Eq. (37) to express the quark amplitudes in terms of the particle amplitudes
using the orthonormality condition of the coefficients, which is the result of the orthonormality of the states.
We can also formulate the relation (37) in the basis given by Eqs. (13) and (14), which is also more convenient to apply since |ψ k 0 (10) St is totally symmetric. Replacing "inserting Eq. (12)" by "inserting Eq. (18)" in Eq. (37), we obtain
Let us look more carefully at the amplitudes. For q a = q b ,
and for q a = q b ,
where we have used
We shall see later that this assumption gives results consistent with those using the SU(3)-IR amplitudes. Eqs. (42) and (43) can be combined into one equation
which we substitute into Eq. (40) and obtain
Here in Eq. (37) and in Eq. (45) we see the important use of Eq. (12) and of Eq. (18) to convert particle-amplitudes to the quark-amplitudes.
One can easily show by diagram drawing that the B c (3) → B(10) + M(8) decays have contributions only from the W -exchange and the horizontal W -loop diagrams, i.e., the C and E types of amplitudes. In the A and B amplitudes, the two spectator quarks that are antisymmetrized in the initial charmed baryon state remain to be antisymmetrized after the weak-interaction decay and cannot contribute to make an B(10) whose wave function is totally symmetric. In the C and E types of amplitudes, an appropriate quark pairq 0 q 0 is created so that theq 0 will combine with one of the quarks originated from the initial quark to form the meson j 0 . Depending upon where the pairq 0 q 0 can be inserted in the diagrams, we have different types of C S and E S of amplitudes; C 1S forq 0 forming a meson with a spectator quark (which does not contribute in this case of B(10) in the final state); C 2S forq 0 forming a meson with the weak-interacting non-charmed quark; C ′ S forq 0 forming a meson with the quark decayed from the charmed quark; E S forq 0 forming a meson with the a spectator quark; and E ′ S forq 0 forming a meson with the quark decayed from the charmed quark. The quark q 0 from the pair creation will form with the other two quarks to become the final baryon k 0 . Thus in Eq. (45) only q 1 and q 2 are summed over and Eq. (45) becomes
Using (46) (8) decays, fifty-five of them, can be expressed in terms of the three unknown amplitudes: C 2S , C ′ S and E S . Therefore, we obtain many relations among the particle decay amplitudes as shown in the next section.
Next we make an attempt to include and parametrize the effects of final-state interactions and SU(3) symmetry breaking. For final-state interactions we introduce an explicit factor e iδ to each isospin partial-wave amplitude. These phase shifts δ's in general have both real and imaginary parts; the imaginary component indicates the inelastic effect. SU(3)-violation effects can manifest in several places. For example, the quark diagrams with ss insertion are a priori different from those arising from uū or dd insertion. However, for the simplicity of the presentation of the Tables in the present paper, we parametrize SU(3) symmetry breaking only in the E type of quark diagrams whose presence (i.e. contributions to the quark-mixing-singly-suppressed decay modes) are solely due to SU(3) violation effects.
III.b. Results and Tables
In the absence of effects from SU(3) breaking and final-state interactions, the following relations can be obtained from the second column of Tables 1a to 1c, namely
for quark-mixing-allowed modes;
for quark-mixing-suppressed modes;
for quark-mixing-doubly-suppressed modes, and many relations between quark-mixing-allowed, -suppressed, and -doubly-suppressed decay modes, for example
Several comments are in order. (i) Table 1 .a and relations (47) for quark-mixing-allowed decays B c (3) → B(10) + M(8) are also obtained previously by Kohara [10] and are in agree with ours. (ii) Though all the above quark-diagram relations are obtained in the absence of effects from SU(3) violations and final-state interactions, however, if each quarkdiagram amplitude in the SU(3) relation contains only a single isospin phase shift, then such a relation holds even in the presence of final-state interactions because of SU (3) symmetry for phase shifts. Examples are the first relation in Eqs. (47) and (49). The same is true for the relations obtained below. (iii) We note that the quark-mixing-allowed decays of an antitriplet charmed baryon into a decuplet baryon and a pseudoscalar meson can occur only through W -exchange diagrams. The experimental measurement of Λ
indicates that the W -exchange mechanism plays a significant role in charmed baryon decays.
(iv) The quark-mixing-allowed decays of Ξ +A c and quark-mixing-doubly-suppressed decays of Λ + c into a decuplet baryon are prohibited in the quark-diagram scheme:
In the SU(3)-IR approach of Savage and Springer (SS) [6] , these decays are governed by the reduced matrix element α defined in Eq. (17) of Ref. [6] . However, we see that they are forbidden in the quark-diagram scheme since they are given by the quark diagram A or B ′ and they give zero contribution, as we discussed before, because of the un-matching symmetry properties of the antitriplet charmed baryon and the decuplet baryon. Furthermore, we note that the SU(3)-IR approach of SS will predict the above relations (48-51) only if the reduced matrix elements α and γ make no contributions. As a consequence, there are only two independent SU(3) reduced matrix elements β and δ. The quark-diagram amplitudes and the SU(3)-symmetry parameters are related by
IV.a. The Formalism
The formalism is very similar to that given in Sect. III.a. for the decuplet baryon in the final state except for the complication that the octet baryons are made up with two orthonormal parts, Eq. (26). We shall see that all it does is that each type of the quark amplitude A will be made up of two independent ones, the symmetric and the antisymmetric. Following the similar procedure used in Eqs. (37) and (50), we derive
To decompose the meson state into the q ′q state, we insert in Eq. (53) the completeness relation Eq. (33) and obtain
Now the decay amplitudes into particles are related to decay amplitudes into quarks.
Therefore, the important result we have established is that for the decays into the B(8), the quark diagrams have two independent types: the symmetric and the antisymmetric, A A and A S . This result is independent of what particles the B(8)'s decay from or are associated with.
Let us discuss now specifically what types of quark diagram amplitudes will contribute. For B c (3) → B(8) + M(8), the two initial non-charmed quarks, say q 1 and q 2 , are antisymmetric in flavor. In diagram A, q 1 and q 2 are spectators; therefore, they stay antisymmetric in the final state. We denote the quark arising from the charmed quark decay as q 3 , and the quark-antiquark pair from the W asq 0 q ′ 0 . In diagram B ′ (the superscript " ′ " signifies that the quark q 3 coming from the charmed quark decay contributes to the final meson formation rather than the final baryon formation), q 1 and q 2 are also spectators; therefore, they stay antisymmetric in the final product. In diagram B, q 3 and q ′ 0 are forced to be flavor antisymmetric due to the Pati-Woo theorem [11] , so are the quark pair q This theorem requires that the quark pair in a baryon produced by weak interactions be antisymmetric in flavor. Putting together all these information and referring to Fig. 2 , we find the detailed expression for Eq. (54)
Applying this to all the B c (3) → B (8) M (8) decays, we can express all the 58 decays in terms of the eleven unknown amplitudes in (57) (see also Table 2 ).
IV.b. Results and Tables
From the second column of Tabs. 2a-2c, which gives the results in the absence of effects from SU(3) violations and final state interactions, we have the following relations :
for quark-mixing-suppressed modes,
for quark-mixing-doubly-suppressed modes, and relations between the squares of quarkmixing-allowed, -suppressed, and quark-mixing-doubly-suppressed amplitudes:
where s 1 = sin θ 1 , and θ 1 is the usual quark-mixing angle.
Note that the above quark-diagram relations can also be reproduced in the SU(3) Hamiltonian approach of Savage and Springer (SS) [6] 1 except for Eq. (59) and the first and last relations in Eq. (60). We believe that when the use of the SU (3) Hamiltonian in which the symmetry amplitudes are tensor decomposed is done correctly to incorporate the symmetry properties of the baryon wave function, the reduced matrix element a defined in Ref. [6] should not contribute and all aforementioned SU(3) quark-diagram results will be reproduced.
The relations between the SU(3) reduced matrix elements of Ref. [6] and the quarkdiagram amplitudes are
At first sight, it appears that there are six independent SU(3) parameters, but eight different quark amplitudes. However, one may make the following redefinition (this redefinition is not unique):Ã
so that the amplitudes for the decay modes in Table 2 can be expressed in terms of the six quark-diagram termsÃ,B ′ , B A ,C ′ ,C 2 ,C S . Table 2 .a for quark-mixing-allowed decays B c (3) → B(8) + M(8) was also previously considered by Kohara [10] . In Kohara's results there are eight quark diagrams
The relations between our quark diagram amplitudes and those 1 Note that the reduced matrix elements a, b, c and d introduced in Ref. [6] are associated with the operator O 15 , which transforms as a 15 under flavor SU(3) and is symmetric in color indices and hence cannot induce a baryon-baryon transition. In other words, baryon-pole diagrams are prohibited by the operator O 15 . 2 Using Table 2 and the relations (61), one can perform a cross check on the SU(3) amplitudes given in Tables I-III of Ref. [6] . For example, we find a sign error in Table III , namely the squared matrix elements for Ξ 0 c → Λ 0 K 0 should read
In order to avoid notation confusion with the SU(3) parameters of SS [6] , we add a subscript K to the Kohara's quark diagram amplitudes [10] .
in [10] are
which are obtained by comparing Table I of [10] with our Table 2a . As emphasized before, we consider it conceptually clearer and in practice simpler to work with the orthonormal basis of quark states. There are six independent quark-diagram amplitudes for B c (6) → B(10) + M (8) . The amplitudes B and C 1 are forbidden owing to the Pati-Woo theorem. The relevant diagrams and amplitudes are exhibited in Fig. 3 and Table 3 , respectively.
From Table 3 we obtain the following relations, in the absence of both SU(3) violations and final state interactions:
It is interesting to note that the Ω 0 c decays into ∆ 0K 0 and ∆ + K − are prohibited in the quark-diagram scheme
as the quark diagram C 1 is not allowed by the Pati-Woo theorem. Consequently, the corresponding reduced matrix element α makes no contribution.
We note that the above quark-diagram relations except for the last one listed in (65) cannot be reproduced in the SU(3)-IR approach of SS unless the reduced matrix elements α and δ do not contribute. Therefore, in the SU(3) limit there are only four independent quark-diagram amplitudes or reduced matrix elements. Relations between the quark-diagram amplitudes and the symmetry parameters (see Eq. (25) of Ref. [6] ) are given by
We discuss in this section the decays of sextet charmed baryons into an octet baryon and a pseudoscalar meson. The relevant quark diagrams and amplitudes are shown in Fig. 4 and Table 4 , respectively.
In the SU(3)-symmetry approach [6] , there exist no any relations between the decays of Ω 0 c → B(8) + M(8). However, from Table 4 we obtain
These relations cannot be reproduced in the SU(3) approach [6] unless the contributions due to the SU(3) parameters a and d vanish. Therefore, Eq. (67) will provide a good test on the quark-diagram scheme. Unfortunately, these processes are either singly or quarkmixing-doubly-suppressed. We do not expect that an encouraging experimental verification will come out soon.
The relations between quark-diagram amplitudes and SU(3) reduced matrix elements are found to be
Therefore, there are seven independent SU(3) parameters and quark-diagram amplitudes.
VI. Conclusions
In this paper we have given a general and unified formulation useful for the quark-diagram scheme for baryons. Here we apply it to the two-body nonleptonic weak decays of charmed baryons and express their decay amplitudes in terms of the quark-diagram amplitudes. The effects of final-state interactions and SU(3) violation arising in the horizontal W -loop quark diagrams are included in the tables. In the absence of SU(3) violation and final-state interactions we have obtained many relations among various decay modes. These relations provide a framework to study these effects. Some of the relations are valid even in the presence of final-state interactions when each decay amplitude in the relation contains only a single phase shift. It will be interesting to compare all these relations with future experimental data.
Our results are consistent with those from the SU(3)-IR scheme. In addition, in the quark-diagram scheme we are able to impose the Pati-Woo theorem for weak decays and obtain more specific results than those from the SU(3)-IR scheme.
We also note that the quark-mixing-allowed decays of the antitriplet charmed baryon into a decuplet baryon and a pseudoscalar meson can only proceed through the W -exchange diagram. Hence, the experimental measurement of Λ + c → ∆ ++ K − implies that the Wexchange mechanism plays a significant role in charmed baryon decays. TABLE CAPTIONS Table 1a . Quark-diagram amplitudes for the quark-mixing-allowed decays of B c (3) → B(10)+ M (8) . In Tables 1-3 , SU(3) symmetry breaking is parametrized only in terms of the E type of quark diagrams. 
